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Analyzed a re  the t he rma l  conditions in a cyl indr ical  conductor whose e lec t r i ca l  conductivity 
is t empera tu re -dependen t .  It is shown that a sufficiently large cur ren t  is crowded toward 
the conductor sur face  with a change in the heat balance at the sur face .  The behavior  of 
cyl indr ical  semiconductors  under  analogous conditions is also examined. 

In this study the authors  consider  the t h e r m a l  conditions in a cyl indr ical  conductor heated e l ec t r i ca l ly  
with d i rec t  cur rent ,  the case  where  the e lec t r i ca l  r e s i s t iv i ty  of the m a t e r i a l  is a function of the t e m p e r a -  
ture  and when the ra te  of heat  t r an s f e r  at the sur face  is high. 

The equation of heat  conduction for  an infinitely long cyl inder  with volume heat  sou rces  is 

V[~.(T) vTI + W = O. (1) 

We calculate  W: 

Here  V 0 = I E / q Z ,  with o'z = 1 / R E  = 

ro 

f 2nrdr . 

P (r) 
O 

w -  p(T)" 

Equation (1) can be wri t ten  as 

1 d )~(T) -~ 
r dr dr j 

kl~ 
ro 

[l. 2r a,.l 
0 

= 0 .  

T 

With the Kirchhoff in tegra l  analog ~ = f MT)dt we reduce  the las t  equation to 
0 

d2tD /1 dr  kI~ 
- ~  + - 7 - .  - ~ -  + ,. . = o .  

[C2 rerl' 
0 

(2) 

The integrodif ferent ia l  equation (2) contains an empi r i ca l  function p (~). Over a ce r ta in  in terva l  [0, 
r0] of r  one m a y  approximate  this re la t ion  in s eye ra l  dif ferent  ways.  With an exponential  re la t ion  this 
equation will be integrated mos t  eas i ly .  

Le t  

e ( r  = o(@w)e~(r ) , 
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d~(I) _1_ 1 d e  +_ 13 - O, 
dr 2 r dr ea(~-r ~ 

w h e r e  

= 
ro 

P (~) j 
0 

We now i n t r o d u c e  the d i m e n s i o n l e s s  v a r i a b l e s  

y = ~(OO__(i)w), X = r / r o  ' y , , _  l l _ . y ,  _l_?e_ Y = O, (3) 
' X 

w h e r e  Y = f l ~ a  i s  the d i m e n s i o n l e s s  c l o s u r e  p a r a m e t e r .  I n t e g r a t i n g  Eq. (3) y i e l d s  

Y = In ?(e~'X~ - -  1)zXZ 
2c.XCecc, (4) 

In o r d e r  to d e t e r m i n e  the c o n s t a n t s  c and el ,  we use  the b o u n d a r y  cond i t i on  of the f i r s t  kind T w 
= e o n s t  and the cond i t i on  t h a t  the t e m p e r a t u r e  at  the c y l i n d e r  ax i s  i s  bounded:  

1) for X = 1 Y = O, 

2) for X = O  Y '= :O.  

T h e s e  b o u n d a r y  cond i t i ons  y i e l d  c = 2 and 

C 2 
1 _ 4 + V §  2 V ~  

e2C~ 7 -- ~ -~ 2 - } - ? .  

Wi th  c and c 2 i n s e r t e d  in to  Eq. (4), we ob ta in  

Y =  In 

( - ) 4 + 7  T 2 1  2 ~a-:--,  
7 l / 2  -i- 7 ? ? 

This  i s  the s o l u t i o n  to Eq.  (3) wi th  the  b o u n d a r y  cond i t ions  (4*). The u n i f o r m i t y  p a r a m e t e r  can  be d e t e r -  
ro 

m i n e d  a f t e r  the i n t e g r a l  f" 2~tjdf has  been  e v a l u a t e d .  The e x p r e s s i o n  f o r  2/ b e c o m e s  then  
. 9 ( r  
0 

kI~  p((1)w)(4 ~ 2 V 2 V 2 -I- y)zc~ 
? = 64a,2r~ 

L e t t i n g  [kI~c~p(/~W)]/647r2r2 = 5, we r e w r i t e  the l a s t  equa t ion  in  c r i t i c a l  f o r m :  

8 =  7 
(4 -• 2]/-2-1/2 -~- ?)2 

Knowing the c u r r e n t  I N and the s u r f a c e  t e m p e r a t u r e ,  we can  now d e t e r m i n e  5 and % and in t h e s e  
t e r m s  the m o s t  i m p o r t a n t  p r o c e s s  c h a r a c t e r i s t i c s .  

The r a t e  of h e a t  t r a n s f e r  a t  the s u r f a c e  wi l l  be d e t e r m i n e d  in  the fo l lowing  m a n n e r .  

The r a t e  of hea t  g e n e r a t i o n  in  the c y l i n d e r  p e r  uni t  l ength  i s  Q = .f WdV. A f t e r  e v a l u a t i n g  the i n t e -  
g r a l ,  we have  v 

Q = 4aW _ _  

(4 + 2  ] /2 -  V' 2 + y)o~ 

S ince  Q = 2vr0 ,  hence  

? Czroq �9 2h 

4 J - 2 V - 2 - t / 2 + y  2 ' q = - - "  ~zr  o 

(4*) 

(5) 

(6) 
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He re 

h = 7 (7) 
4 -~- 2 W2- ] / -2+ 7 

E s s e n t i a l  P r o c e s s  C h a r a c t e r i s t i c s  

1. Temperature  Tma x or  ~max at the axis: 

(:l)ma x = (I)w-~- 1 In 4 + 7 ~ 2 ]/-2- V 2 + ? 
�9 ~z 8 

The formula  for  c 2 must  be used here  with the + sign, because otherwise Cmax < 
-y and this would contradict  the condition of heat t ransfer ,  

I 4 + 7 + 2 V2--]/2 + 7 
(I)ma x = O W +  -~-- In 8 

2. Current  crowding: 

Cw for real  values of 

'(s) 

] (1 )_  p(COma:,) 4 + 7 +  2 ] / - 2 - V 2 + 7  (9) 
i(o) P(r  8 

3. Resis tance of cylinder per unit length: 

9(0w)(4 ___ 2 ~/2- ] / 2 +  V) 
R~= 8nr02 (10) 

Calculations can be made with the aid of graphs  shown in Fig. la ,  h .  The curves in Fig. l b  cor re  ..... 
spond to mater ia ls  with a positive temperature  coefficient of res is tance ,  the curves in Fig. l a  correspond 
to a negative temperature  coefficient. The coefficient a as a function of the surface temperature  is shown 
in Fig. 2 for  various metals.  

With known geometr ica l  and thermophysical  charac te r i s t i cs ,  one assumes  the current  I~ and the 
surface temperature ,  whereupon the rate of heat t ransfer  at the surface is found f rom (7), 7 is found f rom 
(6), and the process  charac te r i s t i cs  are found f rom (8)-(10). 

On the basis of the solution obtained here,  one can draw the following conclusions: 

1. In cylindrical  metal or  alloy conductors with a positive temperature  coefficient of res is tance  the 
current  which heats the conductor is crowded toward the surface and, as a result ,  the radial  t em-  
perature gradient grad T decreases  somewhat. The crowding factor  is a function of I~, r0, aT ,  
Tw, X, and other variables .  Fo r  pure metals a T is of the order  of 0.5%/deg and k var ies  f rom 
360 k c a l / m ,  h.  deg for  copper to 8 k c a l / m ,  h.  deg for bismuth [1]. Therefore,  the crowding fac-  
tor may be up to 5% for  filaments in heater  lamps or  cathodes in e lectron tubes but 50% or higher 
for bismuth conductors. 

2. If 6 = 1 /8 ,  then the closure coefficient y tends toward infinity. This means  a breakdown of the 
conductor, which now car r i es  cur ren t  only along the surface.  In practice,  however, melting of 
the conductor mater ia l  at some finite value of Y will prevent this condition f rom occurring.  

3. In cylindrical  conductors of mater ia l  with a negative tempera ture  coefficient of res is tance  a T  
(metal oxides, PbSe alloy, etc. [3]) the current  is crowded inward and this resul ts  in a higher 
radial  temperature  gradient grad T, i.e., in a l a rge r  crowding factor.  Under cer tain conditions 
our solution bcomes imaginary  and, therefore,  absurd. This happens when Y < - 2 .  The process  
in a cylinder with 7 < - 2  requires  fur ther  study. Since the absolute value of a T is much higher 
for metal oxides than for metals,  while k is much lower and decreases  fur ther  with r is ing tem-  
perature  [3, 4, 10-13], hence ~/ = - 2  is cer ta inly attainable and this value of ~ corresponds to a 
crowding factor  j(0)/j(1) = 4. Thus, for  example, the thermis tor  res is tance can change by a fac-  
tor of a few hundred [10], i.e., the crowding factor  can be of the same order  of magnitude under 
cer ta in  conditions of e lect r ic  loading and heat t ransfer .  

The crowding factor  for modern KMT-1 thermis tors  is as high as 30-50% at the maximum power d is-  
sipation in air  [3, 4]. 
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Fig. 1. a) Negative t e m p e r a t u r e  coeff icients  and b) posi t ive t e m -  

pe ra tu re  coefficients:  1) h(y); 2) 5(-g); 3) k(.g) = [ j ( 1 ) - l ] / j ( 0 ) .  
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Fig. 2. Coefficient a (m.h/kcal) as a func- 

tion of the wall  t e m p e r a t u r e  T (~C): 1) cop-  
per  105a; 2) plat inum 105a; 3) tungsten 1800- 
2800~ 106a; 4) b ismuth  !04~. 

Dul 'nev [5] has  recognized the var ia t ion  of e l ec -  
t r i ca l  conductivity ~ along a cyl inder  radius ,  but he 
d i s rega rded  this va r ia t ion  and assumed there  ~ = const(r)  
so  as not to make the solution of the p rob lem too un- 
wieldy. It is of cons iderable  prac t ica l  in te res t ,  in so lv -  
ing var ious  applicat ion p rob lems  on the subject  of heat  
t r ans fe r ,  to compare  the mean volume t e m p e r a t u r e  ca l -  
culated with the assumpt ion  of X = const,  W = const,  o r  
X = X(T), W = W(T) and boundary conditions of the f i r s t  
kind. 

Example  1. 

where  ~/* = kI2p0/r207r2XT 0 is  the c losure  p a r a m e t e r .  The m e a n - o v e r - t h e - s e c t i o n  t e m p e r a t u r e  of the con-  
ductor  is 

ro 

1 j 2grTdr, 
0 

o r  

Tmean=To[ 1 - + - ~ ]  �9 

T 

Considering that  X = const  and ~ = S XdT = XT, one can wri te  
0 

(11) 

Example  2. 

and, consider ing that 

(I)mean-- 

ro 1 

0 0 

1 ( X  ~ - -  ~) 
~z 8v 
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where 

we obtain 

4 - ~  2V~2- ~2 ~- ~}, (12) 

q~mean~-~~ [ 2vlnv-l~v - -1 ] .  

It can be shown that, as the electric loading is decreased down to zero, expressions (11) and (12) con- 
verge to the same result: r The mean temperatures calculated by these two formulas can be compared 
only in specific cases. 

A preliminary estimate has shown that @mean calculated according to (12) is somewhat smaller than 
~mean calculated according to (11) and that the difference increases with increasing 7 and a.  

N O T A T I O N  

k is the thermal conductivity; 
T is the temperature; 
V is the operator in cylindrical coordinates; 
W is the rate of Joule heat generated in cylinder volume per unit length; 
V 0 is the voltage drop along cylinder, per unit length; 
p (T) is the temperature-dependent electrical resistivity of the material; 
I Z is the total electric current across cylinder section; 
Cw is the Kirchhoff analog; 

is the coefficient of approximation for the resistivity function; 
cr Z is the total electrical conductivity of cylinder, per unit length; 
q is the thermal flux density. 
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